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C*-superrigidity of 2-step nilpotent groups
by Caleb Eckhardt and Sven Raum
Abstract. We show that torsion-free finitely generated nilpotent groups are charac-terised by their group C*-algebras andwe additionally recover their nilpotency class aswell as the subquotients of the upper central series. We then use a C*-bundle decom-position and apply K-theoretic methods based on noncommutative tori to prove thatevery torsion-free finitely generated 2-step nilpotent group can be recovered from itsgroup C*-algebra.
1 Introduction
It is a classical problem to recover a discrete group G from its various group algebras such as the integralgroup ringZG and the complex group ringCG. Notably the Kadison-Kaplansky unit conjecture predicts thatfor a torsion-free group G every unit of CG is of the form cug, for c ∈ C× and g ∈ G, making it possible torecoverG canonically fromCG. In the operator algebraic setting, studying completions of the *-algebraCGin different topologies of the bounded operators B(`2G), such as the reduced group C∗-algebra C∗red(G)or the group von Neumann algebra L(G), similar questions have attracted strong interest in the past years.In the 80’s, Connes conjectured in [10, page 45] that in analogy with Mostow and Margulis super-rigidity every discrete group with infinite conjugacy classes and Kazhdan’s property (T) can be recov-ered from its group von Neumann algebra; that is if G is such a group and H is any other group with
L(G) ≅ L(H) then G ≅ H . Derived from an old name for von Neumann algebras, this phenomenonis termed W∗-superrigidity. In contrast to Connes’ early vision of how the subject might develop, only in[19] the first breakthrough onW∗-superrigidity was achieved, showing that certain iterated wreath prod-ucts are W∗-superrigid. In the introduction to their article, Ioana, Popa and Vaes draw attention to theeven more mysterious situation in C∗-superrigidity and in analogy with Kadison-Kaplansky’s unit conjec-ture point out that: “It seems not even known whether C∗red(G) always remembers a torsion-free group
G”– in other words, if G is torsion-free group and C∗red(G) ≅ C∗red(H) for some other group H , does itfollow that G ≅ H? At the time of writing their article, only torsion-free abelian groups G were knownto be C∗-superrigid by a classical result of Scheinberg [33, Theorem 1]. More precisely, G is isomorphic tothe unitary group of C∗red(G) modulo the connected component of the identity [17, Theorem 8.58]. Notethat the restriction to torsion-free groups in Ioana-Popa-Vaes’ remark is necessary and natural, since forexample C∗red(Z2 × Z2) ≅ C∗red(Z4) and the group C∗-algebra of every infinite abelian torsion group isisomorphic to the continuous functions on the standard Cantor set.Motivated by C∗-superrigidity of torsion-free abelian groups, certain torsion-free virtually abeliangroups were shown to be C∗-superrigid in [23], providing the first examples of non-abelian torsion-free
C∗-superrigid groups. Further C∗-superrigidity results were deduced in [8] by combining the authors’ re-sult onW∗-superrigidity of amalgamated free products with the unique trace property [4] of their reducedgroup C∗-algebra. In the present article we prove the following result, providing the first natural class of
C∗-superrigid non-abelian torsion-free groups.
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Theorem A. Every torsion-free finitely generated 2-step nilpotent group is C∗-superrigid.
Wemention that in analogy with abelian groups, a torsion-free non-abelian nilpotent groupG is as far frombeingW∗-superrigid as possible. Indeed, it follows from Connes’s [9] and the theory of direct integrals that
L(G) ≅ L∞([0,1])⊗R, whereR denotes the hyperfinite II1 factor.Our global strategy to proveC∗-superrigidity follows the same lines as [23]: we first characterise torsion-free finitely generated nilpotent groups in terms of their group C∗-algebras and recover their nilpotencyclass. This is the second main result of this article.
Theorem B. Let G be a torsion-free finitely generated nilpotent group and H some discrete group. If
C∗red(H) ≅ C∗red(G), then H is a torsion-free finitely generated nilpotent group, too. Further the classofH equals the class ofG and the subquotients of the upper central series of both groups agree.
An important ingredient in the proof of this theorem describes the centre of the groupC∗-algebra of an ar-bitrary torsion-free virtually nilpotent group, which is of independent interest. Given a torsion-free virtuallynilpotent group G with some maximal normal finite index nilpotent subgroup N ⊴ G we write F = G/Nfor the finite quotient group. Then the outer action of F onN induces an action of F on the centreZ(N),as is explained in Section 3.
Theorem C. If G is a torsion-free virtually nilpotent group and N ⊴ G is a maximal normal finite indexnilpotent subgroup with quotientG/N = F , then Z(C∗G) = C∗(Z(N))F .
Let us now explain the strategy to recover a torsion-free finitely generated 2-step nilpotent group G fromits groupC∗-algebra. A first application of Theorem Bmakes it clear that any groupH satisfyingC∗red(G) ≅
C∗red(H) must be torsion-free finitely generated and nilpotent of class 2 and satisfy Z(H) ≅ Z(G). Ap-plying Theorem C to write C∗red(H) ≅ C∗red(G) as a C∗-bundle over their centre, we are able to recoveran isomorphism of torsion-free abelian groups H/Z(H) ≅ G/Z(G). Further, analysing how K-theoryvaries over the different fibres of thisC∗-bundle, we recover the 2-cocycle describing the central extension
1 → Z(G) → G → G/Z(G) → 1. In fact, the fibres of C∗red(G) ≅ C∗red(H) are so called noncommutativetori, whose K-theory has been intensively studied by Elliott [14] and Rieffel [30] and we make use of theformer results, summarised in Section 2.10.It is natural to ask for possible extensions of the present result, either beyond the scope of finitely generatedgroups or beyond the class of 2-step nilpotent groups. As for the first extension, we are facing the problemto find an appropriate replacement for Theorem 2.3, which plays an important role in Section 4. Note thatboth theorems in question make crucial use of finite rank of the abelian groups involved. As for the secondextension, while the general strategy to prove C*-superrigidity still applies to finitely generated, torsion-free nilpotent groups, important challenges have to be overcome. Understanding of K-theory and the tracepairing of twisted group C∗-algebras of nilpotent groups as well as the replacement for cup products asused in the proof of Theorem 5.1 are the two main such challenges. Nevertheless, after this work has firstappeared in form of a preprint some examples of C∗-superrigid nilpotent groups of arbitrary class havebeen provided [28].This article has 5 sections. After the introduction, thorough preliminaries provide all necessary infor-mation to make this article readable by non-experts in operator algebras, group theory or cohomologytheory. In Section 3 we calculate the centre of the group C∗-algebra of a virtually nilpotent group, provingTheorem C. In Section 4 we provide the characterisation of torsion-free finitely generated nilpotent groupsannounced in Theorem B. We then proceed to prove our main Theorem A in Section 5.
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2 Preliminaries and various results
All groups considered in this article are discrete unless explicitly stated differently. A group G is callednilpotent if its upper central series defined by
Z0 = {e} , Z1 = Z(G) and Zi+1 = {g ∈ G ∣ ∀h ∈ G ∶ [g, h] ∈ Zi}
terminates in some Zn = G. The minimal n such that Zn+1 = G is called the nilpotency class ofG, and wesay thatG is n-step nilpotent.We refer the reader to the excellent exposition [6] on discrete groups and their operator algebras. Sincenilpotent groups are amenable, their maximal C∗-algebra C∗(G) and their reduced C∗-algebra C∗red(G)agree. The latter is defined as the closure of the complex group ring CG under the image of the left-regularrepresentation λ ∶ G → U(`2G) ∶ λgδh = δgh. For amenable groups, we write C∗(G) for this group
C∗-algebra.Let us recall the notion of conditional expectations between C∗-algebras. If B ⊂ A is a unital C∗-subalgebra, then a conditional expectation from A onto B is a contractive projection E ∶ A → B of normone. By Tomiyama’s theorem [6, Theorem 1.5.10], every conditional expectationE ∶ A→ B isB-bi-modular,that is E(bab′) = bE(a)b′ for all b, b′ ∈ B and all a ∈ A. If H ≤ G is an inclusion of groups, then thereis a natural faithful conditional expectation E ∶ C∗red(G) → C∗red(H) uniquely defined by the property
E(ug) = 1H(g)ug.
2.1 Actions on torsion-free abelian groups
In this section we prove Theorem 2.3, which might be known to experts. In order to remain consistent withthe notation of the remaining article, we write abelian groups multiplicatively.Recall that an action of a discrete group G on a topological space X is called topologically free, if forevery g ∈ G ∖ {e} the fixed point set {x ∈ X ∣ gx = x} is meager in X . The next lemma is folklore and aproof can be found for example in [13, Lemma 2.1].
Lemma 2.1. Let H be a connected topological group and let G be a group acting faithfully by continuousautomorphisms onG. ThenG↷H is topologically free.
Thenext theorem’s proofmakes use of the notion of rank. IfA is an abelian group considered as aZ-module,the rank of A is defined as rank(A) = dimQA⊗Z Q. Further, if A is an abelian group, then the Pontryagindual Aˆ = Hom(A,S1) equipped with the topology of pointwise convergence is a compact abelian group.Every automorphismα ofA defines a continuous automorphism of Aˆ by precompositionχ↦ χ○α. Finally,if a groupG acts on aC∗-algebraA by *-automorphisms, we denote byAG = {x ∈ A ∣ gx = x for all g ∈ G}
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the fixed point algebra. We thank Yuhei Suzuki for indicating a shorter proof for the next theorem than theone originally presented. We start by a short lemma.
Lemma 2.2. LetF ↷ Tn be a finite group acting by continuous automorphisms such that the quotient spacesatisfies Tn/F ≅ Tn. Then F acts trivially.
Proof. The quotient map q ∶ Tn → Tn/F by a finite group has the path lifting property according to [7,11.1.4]. So the induced map on fundamental groups pi1(q) is a surjection, hence an isomorphism because
Zn ≅ pi1(Tn) is Hopfian. Identifying Zn ≅ pi1(Tn) by the map that sends a ∈ Zn to the image of the linesegment [0, a] ⊂ Rn, we observe that pi1(q) factors through the group Zn/⟨a − fa ∣ a ∈ Zn, f ∈ F ⟩. Sinceevery proper quotient ofZn has rank strictly less than n and pi1(q) is an isomorphism, it follows that a = fafor all a ∈ Zn and f ∈ F . This finishes the proof of the theorem.
Theorem 2.3. Let A be a torsion-free abelian group and G a group acting on A by automorphisms withfinite orbits. If C(Aˆ)G ≅ C(Tn) for some n ∈ N, then A ≅ Zn andG acts trivially on A.
Proof. Since G acts with finite orbits on A, we can write A = ⋃i∈I Ai as a directed union of subgroups,each generated by a finite G-invariant set. Since every automorphism of Ai, which is trivial on its finitegenerating set, is trivial on Ai, it follows that G ↷ Ai factors through a finite group, say G ↠ Fi. Notethat since A is torsion free, Aˆi is connected for each i, so that Lemma 2.1 says that Fi acts topologicallyfreely on Aˆi. So Aˆi/Fi contains an open and dense subset that is locally Euclidean of dimension rankAi.In particular the covering dimension of Aˆi/Fi equals the rank of Ai. (See e.g. [27, p.305] for the notion ofcovering dimension).We putX = specC∗(A)G and observe that the inclusionsC∗(A)G ⊃ C∗(Ai)Fi andC∗(A) ⊃ C∗(A)Gprovide us with quotient maps X ↠ Aˆi/Fi and Aˆ ↠ X . The following commutative diagram shows thatthe former is an open map.
X // // Aˆi/Fi
Aˆ
cont
OOOO
open // // Aˆi
open
OOOO
Indeed, bothmapsmarked as open in the diagramarise as quotientmaps fromgroup actions. By hypothesis,we haveX ≅ Tn. It follows that
rank(Ai) = dim Aˆi/Fi ≤ dimX = n .
We showed that the rank of (Ai)i is uniformly bounded by n, so that rankA ≤ n follows. So there is afinite G-invariant subset S ⊂ A such that writing B = ⟨S⟩, the division closure satisfies A = {g ∈ A ∣ ∃k ∈
N≥1 ∶ gk ∈ B}. The action ofG onB factors through a finite group F , and so does the action onA: indeed,if a ∈ A and k ∈ N≥1 such that ak ∈ B, then (ga)k = gak = ak implies that ((ga) ⋅ a−1)k = e. Since A istorsion-free, it follows that ga = a.To finish the proof note that F ↷ Aˆ is topologically free by Lemma 2.1, since Aˆ is connected. Further,
C(Aˆ/F ) ≅ C∗(A)G ≅ C(Tn) showing that Aˆ is locally euclidean of dimension n, which in turn implies that
Aˆ ≅ Tn by the structure theorem for abelian groups [11, Theorem 4.2.4]. So A ≅ Zn and by Lemma 2.2, wefind that F acts trivially on A. So alsoG acts trivially on A.
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2.2 FC-groups and the centre of group C*-algebras
In this section, we give a short account of Proposition 2.5, providing a description of the centre of a reducedgroup C∗-algebra by means of certain abelian subgroups. To this end we will analyse its FC-centre. AnFC-group is a group G whose conjugacy classes are finite. More generally, the FC-centre of a group G is{g ∈ G ∣ g has a finite conjugacy class}. The following theorem describes finitely generated FC-groups.
Theorem 2.4 (Special case of Theorem 2 of [12]). A finitely generated FC-group is virtually abelian.
The following proposition is classical. We provide a short proof for the convenience of the reader.
Proposition 2.5. A torsion-free FC-group is abelian.
Proof. It suffices to prove that every finitely generated torsion-free FC-groupG is abelian. By Theorem 2.4we know that G is virtually abelian. So [2, Theorem 2] implies that Z(G) ≤ G has finite index. It followsthat the commutator subgroup ofG is finite, and hence trivial sinceG is torsion-free.
The next proposition describes the centre of the group C∗-algebra of a torsion-free group in terms of anabelian group.
Proposition 2.6. LetG be a torsion-free group. Then the FC-centre ofG is a normal abelian subgroupA ⊴ Gsatisfying Z(C∗red(G)) ⊂ C∗(A). In particular, Z(C∗red(G)) = C∗(A)G.
Proof. The FC-centre A ⊴ G is a torsion-free FC-group and hence abelian by Proposition 2.5. We have toshow that Z(C∗redG) ⊂ C∗(A). If x ∈ Z(C∗redG) we write xˆ = xδe = ∑g∈G xgδg ∈ `2(G). Since x is central,we have xˆ = ûhxu∗h for all h ∈ G and hence xg = xhgh−1 for all h ∈ G. Since (xg)g is `2-summable, it followsthat xg = 0, unless g has a finite conjugacy class inG, meaning g ∈ A. So x ∈ C∗(A).
2.3 Central extensions and cocycles
In this section we clarify the exact relation between n-step nilpotent groups and extension data for n − 1-step nilpotent groups. The book [5] provides a reference for the cohomology of discrete groups. Recall thatgiven a groupH and an abelian groupA, there is a one-to-one correspondence between central extensions
1 // A // G // H // 1
and elements of H2(H,A), which sends an extension after choice of a section s ∶ H → G to the 2-cocycle
σ(h1, h2) = s(h1h2)−1s(h1)s(h2), which we call an extension cocycle [5, Theorem 3.12]. Two centralextensions giving rise to G1, G2 are called equivalent, if there is an isomorphism G1 → G2 making thefollowing diagram commute
1 // A //
id

G1 //

H //
id

1
1 // A // G2 // H // 1 .
Note that the automorphisms of A andH are fixed to be the identity. Aiming at a classification of centralextensions without this restriction, we introduce the action of Aut(H) × Aut(A) on H2(H,A) that isinduced by ρ↦ ψA ○ ρ ○ (ψH × ψH) with ψH ∈ Aut(H), ψA ∈ Aut(A), ρ ∈ Z2(H,A).Before we proceed to spell out the relation between n-step nilpotent groups and extension data for
n − 1-step nilpotent groups, we need to introduce the following notation.
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Notation 2.7. LetH be a group and A an abelian group. A 2-cocycle σ ∈ Z2(H,A) is called centrally non-degenerate if for all non-trivial elements g ∈ Z(H) there is h ∈H such that σ(g, h) ≠ σ(h, g).
The following theorem must be well-known. Not being able to find a reference we indicate a proof for thereader’s convenience.
Theorem 2.8. LetH be a group and A an abelian group. Associating to a central extension of A byH theextension 2-cocycle in H2(H,A), we obtain a bijection between
• isomorphism classes of groupsG such that Z(G) ≅ A andG/Z(G) ≅H , and
• Aut(H) ×Aut(A) orbits of centrally non-degenerate cocycles in H2(H,A).
Proof. We provide maps which are inverse to each other. GivenG such thatZ(G) ≅ A andG/Z(G) ≅H ,we choose isomorphisms ϕA ∶ Z(G)→ A and ϕH ∶ G/Z(G)→H . This provides us with an extension
1 // A // G // H // 1
and after choice of a section s ∶ H → G with a cocycle σ ∈ Z2(H,A), whose cohomology class is inde-pendent of the choice of the section. Note that σ is centrally non-degenerate, since s(H) ∩Z(G) = {e}.Further, the orbit of [σ] ∈ H2(H,A) for the Aut(H) ×Aut(A) action is independent of the choice of ϕAand ϕH . So we obtain a well-defined map assigning to the group G an Aut(H) × Aut(A) orbit of cen-trally non-degenerate cocycles in H2(H,A). Since every isomorphism G ≅ G˜ restricts to an isomorphismof Z(G) ≅ Z(G˜) and induces an isomorphism G/Z(G) ≅ G˜/Z(G˜), this assignment descends to a mapfrom isomorphism classes of groupsG satisfying that Z(G) ≅ A andG/Z(G) ≅ H to Aut(H) ×Aut(A)orbits of centrally non-degenerate cocycles in H2(H,A).Let now σ ∈ Z2(H,A) and define G = A ⋊σ H , which as a set is the Cartesian product A × H andbecomes a group with the multiplication(a1, h1)(a2, h2) = (a1a2σ(h1, h2), h1h2) .
The isomorphism class of the extension
1 // A // G // H // 1
a  // (a, e)
does only depend on the class of σ inH2(H,A). Note that if σ is centrally non-degenerate, thenZ(G) = A.Further, if ψA ∈ Aut(A), ψH ∈ Aut(H) and we define σ˜ = ψA ○ σ ○ (ψ−1H × ψ−1H ) as well as G˜ = A ⋊σ˜ H ,then
G ∋ (a, h)↦ (ψA(a), ψH(h)) ∈ G˜
is a group isomorphism. So we obtain a well-defined map from Aut(H) ×Aut(A) orbits in H2(H,A) toisomorphism classes of groupsG such that Z(G) ≅ A andG/Z(G) ≅H .
We specialise the statement of Theorem 2.8 to the case of nilpotent groups. For later use in Section 5, thenext corollary will be reformulated in Section 2.4.
Corollary 2.9. Associating to a nilpotent group G the triple (Z(G),G/Z(G), σG), where we denote by
σG ∈ H2(G/Z(G),Z(G)) the extension cocycle, we obtain a bijection between
• isomorphism classes of n-step nilpotent groups, and
• equivalence classes of triples (A,H,σ) with A abelian, H an n − 1-step nilpotent group and σ ∈
H2(H,A) a centrally non-degenerate cocycle. Two triples (A,H,σ) and (A˜, H˜, σ˜) are equivalent ifthere are isomorphisms ϕA ∶ A→ A˜ and ϕH ∶H → H˜ such that σ˜ ○ (ϕH × ϕH) = ϕA ○ σ.
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2.4 Cocycles and skew-symmetric forms
In this section we recall the relationship between 2-cocycles on torsion-free abelian groups and skew-symmetric forms. It provides the reformulation of Corollary 2.9 as it will be used in Section 5. The references[22, Theorem 7.1], [5, Chapter V.6 Exercise 5] or [18, Proof of Theorem 2] show this result without the state-ment ofAut(B)×Aut(A)-equivariance, which can be right away checked by the formula provided below.Wedenote byB∧B thewedge product, which arises as the quotient groupB⊗ZB/⟨b⊗b′+b′⊗b ∣ b, b′ ∈ B⟩.
Theorem 2.10. LetB be a free abelian group andA any abelian group. Then there is anAut(B)×Aut(A)-equivariant bijection between H2(B,A) and A-valued skew-symmetric forms onB, given by
H2(B,A)→ Hom(B ∧B,A) ∶ σ ↦ (b1 ∧ b2 ↦ σ(b1, b2) − σ(b2, b1)) .
Corollary 2.11. Associating to a 2-step nilpotent groupG the triple (Z(G),G/Z(G), ωG), wherewe denoteby ωG ∈ Hom(G/Z(G)∧G/Z(G),Z(G)) the skew-symmetrisation of the extension cocycle, we obtain abijection between
• isomorphism classes of torsion-free finitely generated 2-step nilpotent groups, and
• equivalence classes of triples (A,B,ω) with A,B torsion-free finitely generated abelian and ω ∈
Hom(B∧B,A) aA-valued skew-symmetric form. Two triples (A,B,ω) and (A˜, B˜, ω˜) are equivalentif there are isomorphisms ϕA ∶ A→ A˜ and ϕB ∶ B → B˜ such that ω˜ ○ (ϕB ∧ ϕB) = ϕA ○ ω.
2.5 Homotopy classes of evaluation maps
The following statement is easily checked on generators and will be used in Section 5.
Proposition 2.12. Let h ∶ S1 → Tn be a loop, let g ∈ Zn ≅ Tˆn and let evg ∶ Tn → S1 be the evaluation map.The natural identification pi1(Tn) ≅ Zn induces a bilinear form ⟨ , ⟩ such that pi1(evg)([h]) = ⟨g, [h]⟩holds under the natural identification pi1(S1) ≅ Z.
Proof. Note that both sides of the equation pi1(evg)([h]) = ⟨g, [h]⟩ only depend on the homotopy class of
h. The identification pi1(Tn) ≅ Zn provides us with the standard loop h(e2piit) = (e2piih1t, . . . , e2piihnt), for(h1, . . . , hn) ∈ Zn. Further g = (g1, . . . , gn) ∈ Zn defines the character evg(e2piit1 , . . . , e2piitn) = e2pii∑j gjtj .It follows that (evg ○h)(e2piit) = e2pii∑j hjgj and hence pi1(evg)([h]) = [evg ○h] = ∑j hjgj = ⟨g, [h]⟩ underthe natural identification pi1(S1) ≅ Z.
2.6 C(X)-algebras
In this section we recall the notion ofC(X)-algebras, which is for example explained in [35, Appendix C] inthe more general context of C0(X)-algebras.
Definition 2.13. Let A be a unital C∗-algebra andX a compact space.
• A is called a C(X)-algebra if there is a unital embedding C(X)↪ Z(A).
• IfA is aC(X)-algebra and x ∈X , then the fibre ofA at x is defined as the quotient ofA by the idealgenerated by {f ∈ C(X) ∣ f(x) = 0}. It is denoted Ax. The image of a ∈ A in Ax is denote by ax.
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• A is called a continuous C(X)-algebra, if it is a C(X)-algebra and the map x ↦ ∥ax∥ is continuousfor all a ∈ A.
If A is a continuous C(X)-algebra we will also say that A is a C∗-bundle over X . This terminology isjustified by [35, Theorem C.26] in connection with [35, Proposition C.10 (b)], which explains the relation of
C(X)-algebras with Fell’s C∗-bundles [15].In [3, Proposition 3.3], it was claimed that a unitalC(X)-algebraAwith faithful conditional expectation
E ∶ A → C(X) is a continuous C(X)-algebra. This is not true as stated, but needs the additional assump-tion that every state Ex ∶ Ax → C defined by Ex(a) = E(a)(x) is faithful. Adopting this extra assumption,the proof from [3] applies.
Proposition 2.14 (See [3, Proposition 3.3]). LetA be a unitalC(X)-algebra, with a conditional expectation
E ∶ A→ C(X) such that each Ex ∶ Ax → C, x ∈X is faithful. Then A is a continuous C(X)-algebra.
Notation 2.15. If A is a unital C∗-algebra, we denote the spectrum of Z(A) by Glimm(A) and call it theGlimm space of A. Note that A is a C(Glimm(A))-algebra and it is a C∗-bundle overGlimm(A) if thereis a conditional expectation from A onto its centre.
2.7 Twisted group C*-algebras
In this section we recall the notion of twisted group C∗-algebras, which is essential in the study of group
C∗-algebras associated with nilpotent groups. The following theorem is a special case of [29, Theorem 1.2].However, since its proof for discrete groups becomes less technical, we provide it here for the convenienceof the reader.
Theorem 2.16 (Special case of [29, Theorem 1.2]). LetG be an amenable discrete group. WriteZ = Z(G),
H = G/Z and denote by σ ∈ Z2(H,Z) an extension cocycle. For χ ∈ Zˆ write σχ = χ ○ σ ∈ Z2(H,S1). Then
C∗(G) is a continuous C(Zˆ)-algebra, whose fibre at χ ∈ Zˆ is isomorphic with C∗(H,σχ). More precisely,for χ ∈ Zˆ we have a commutative diagram
C∗(G) //
&&
C∗(H,σχ)

C∗(G)χ .
Proof. Since C∗(Z) ⊂ Z(C∗(G)) and C∗(Z) ≅ C(Zˆ) via the Fourier transform, the C∗-algebra C∗(G) isa C(Zˆ)-algebra.Recall that σ ∈ Z2(H,Z) denotes an extension cocycle. This means that G ≅ Z ⋊σ H is the universalgroup containing a central copy ofZ and elements h˜ forh ∈H subject to the relation h˜1h˜2 = σ(h1, h2)h̃1h2for all h1, h2 ∈ H . It follows that C∗(G) is the universal C∗-algebra generated by a central copy of C∗(Z)and elements uh, h ∈ H such that uh1uh2 = uσ(h1,h2)uh1h2 for all h1, h2 ∈ H . The fibre of C∗(G) at theelement χ ∈ Zˆ is the quotient of C∗(G) by the relations uz = χ(z) for z ∈ Z. It is hence isomorphic withthe universal C∗-algebra generated by elements vh for h ∈ H that satisfy vh1vh2 = σχ(h1, h2)vh1h2 for all
h1, h2 ∈H . This is precisely the twisted group C∗-algebra C∗(H,σχ).SinceG is amenable, its maximal and reduced group C∗-algebras agree so that the natural conditionalexpectation of reduced groupC∗-algebras provides a faithful conditional expectationE ∶ C∗(G)→ C∗(Z).SinceEχ identifies with the natural traceC∗(H,σχ)→ C, it is faithful, so that Proposition 2.14 implies that
C∗(G) is a continuous C(Zˆ)-algebra.
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The next proposition is possibly known to experts and it was already used in [23]. It provides a simplealgebraic mean to detect which twisted group C∗-algebras are untwisted.
Proposition 2.17. Let G be a discrete group and σ ∈ Z2(G,S1). If there is a one-dimensional σ-projectiverepresentation ofG, then σ is inner. So the following statements are equivalent.
• σ is inner.
• C∗(G,σ) admits a character, that is a multiplicative positive functional.
• C∗(G,σ) ≅ C∗(G).
Proof. Let pi ∶ G → U(1) = S1 be a one-dimensional σ-projective representation of G. For all g, h ∈ G wehave pi(g)pi(h) = σ(g, h)pi(gh) and hence σ(g, h) = pi(g)pi(h)pi(gh). This proves that σ is inner. Sincecharacters ofC∗(G,σ) are in 1-1 correspondence with one-dimensional σ-projective representations ofG,we infer that C∗(G,σ) has a character if and only only if σ is inner. The latter implies that C∗(G,σ) ≅
C∗(G), which in turn provides a character of C∗(G,σ).
2.8 Group C*-algebras of torsion-free groups
In this section we recall a characterisation of group C*-algebras of torsion-free nilpotent groups. In fact, thefollowing theorem holds for a much larger class of groups by Higson and Kasparov’s [16] (see [34, Chapter6.3] for detailed explanations). Already in [32, Proposition 2.5] and [21, Corollary, p. 96] results appearedthat apply to show that groupC∗-algebras of torsion-free nilpotent groups admit no non-trivial projections.An elementary proof, whose idea was communicated to us by Alain Valette, was provided in [31, Theorem8]. For the convenience of the reader we provide the short argument here.
Theorem 2.18. LetG be a discrete group such thatC∗(G) has no non-trivial projections. ThenG is torsion-free. Conversely, ifG is torsion-free and nilpotent then C∗(G) has no non-trivial projections.
Proof. The first statement is clear, since for any group G with a non-trivial torsion element g ∈ G, the
formula 1ord(g) ∑ord(g)n=1 ung ∈ CG ⊂ C∗(G) defines a non-trivial projection.Let now G be a torsion-free nilpotent group of nilpotency class c. If c = 0, then G is trivial and theconclusion is clear. Assume that c ≥ 1 and the statement is proven for c − 1. Write Z = Z(G) and let
σ ∈ Z2(G/Z,Z) be an extension cocycle forZ ↪ G↠ G/Z. Theorem 2.16 says thatC∗(G) is aC∗-bundleover Zˆ with fibre C∗(G/Z,χ ○ σ) at χ ∈ Zˆ. Let p ∈ C∗(G) be a projection. Denote by pχ the image of p inthe fibre at χ. Denoting by ε the trivial character onZ, we find that pε ∈ {0,1} by the induction hypothesis.Replacing p by 1−p if necessary, we may assume that pε = 0. SinceZ is torsion-free, Zˆ is connected so that
χ ↦ ∥pχ∥ is a {0,1}-valued function on a connected space, which takes the value 0. Hence it is constantly
0 and it follows that p = 0. This finishes the proof of the theorem.
2.9 The primitive ideal space of nilpotent groups
In this section we recall results of Moore-Rosenberg [26] on the primitive ideal space of nilpotent groups.
Definition 2.19. Let A a be a C∗-algebra. The set of primitive ideals of A is
Prim(A) = {kerpi ∣ pi non-zero irreducible *-representation of A} .
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This set is endowed with the unique topology whose closure operation satisfies
X = {I ∈ Prim(A) ∣ I ⊃ ⋂
J∈X J} for allX ⊂ Prim(A) .
It follows from the definition that a primitive ideal I ⊴ A is a closed point in Prim(A) if and only if it is amaximal ideal. Recall in this context that a topological space is calledT1 if all its points are closed. Motivatedby analogieswith Lie groups, the following theorem is statedbyMoore-Rosenberg only for finitely generatedsolvable groups G. Its proof however, is valid for arbitrary amenable groups as the authors mention [26,p.220].
Theorem 2.20 (Moore-Rosenberg [26, Theorem 5]). LetG be a finitely generated group.
• IfG is virtually nilpotent, then Prim(G) is a T1-space.
• IfG is amenable and Prim(G) is a T1-space, thenG is virtually nilpotent.
2.10 Elliott’s work on noncommutative tori
In the article [14], Elliott undertook a detailed study of the K-theory of noncommutative tori, in particularcalculating the trace paring with the K0-group. In view of Theorem 2.16, these results will be essential toour investigations of group C∗-algebras of torsion-free finitely generated 2-step nilpotent groups. In thissection we recall the results of Elliott that will be used and we fix our notation.
Proposition 2.21 (See [14, Lemma 2.3]). Let A be a torsion-free abelian group and ω ∈ Hom(A ∧ A,S1).There is a unique mapK0(τ) ∶ K0(C∗(A,ω))→ R induced by tracial states on C∗(A,ω).
Theorem 2.22 (See [14, Theorem 2.2 and its proof]). LetA be a torsion-free abelian group and γ ∶ [0,1]→
Hom(A∧A,S1) a pathwith contractible image fromω0 toω1. Consider γ as aC([0,1])-valued 2-cocycle on
A and denote by C([0,1]) ⋊γ A the twisted crossed product. Then the evaluation maps ev0 ∶ C([0,1]) ⋊γ
A → C∗(A,ω0) and ev1 ∶ C([0,1]) ⋊γ A → C∗(A,ω1) induce isomorphisms in K-theory. Further, thecomposition
piR/Z ○K0(τ) ○K0(ev1) ○K0(ev0)−1 ∶ K0(C∗(A,ω0))Ð→ R/Z
does not depend on the choice of γ.
Notation 2.23. IfA is a torsion-free abelian group and ω ∈ Hom(A∧A,S1) is connected to the trivial form,we denote by
τω ∶ K0(C∗(A))Ð→ R/Z
the unique map arising form Theorem 2.22.
Before stating the next theoremof Elliott, recall that K-theory of an abelianC∗-algebra admits a cup-product(see e.g. [1]).
Theorem 2.24 (See [14, Theorem 3.1]). Let A be a torsion-free abelian group and ω ∈ Hom(A ∧A,S1) beconnected to the trivial form. Consider A as a subgroup of K1(C∗A) via the embedding A ↪ U(C∗A).Then
τω([a1]K1 ∪ [a2]K1) = ω(a1 ∧ a2) for all a1, a2 ∈ A .
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3 The centre of group C*-algebras of virtually nilpotent groups
In this section we determine the centre of the group C∗-algebra of a torsion-free virtually nilpotent group.It turns out to be immediately related to the centre of the group itself. Let G be a torsion-free virtuallynilpotent group, denote byN ⊴ G some maximal finite index nilpotent normal subgroup and let F = G/Nbe the quotient group. Choosing a section s ∶ F → G for the quotient map, we define the conjugationaction G ∋ g ↦ s(f)gs(f)−1, which is up to inner automorphisms independent of the choice of s. Thisprovides a group homomorphism F → Out(N). Since Z(N) ≤ N is a characteristic subgroup, we cancompose the latter homomorphism with the restriction map Out(N) → Out(Z(N)) = Aut(Z(N)) toobtain an action of F on Z(N). Having fixed this notation we restate Theorem C from the introduction,which is the main theorem of this section.
Theorem C. If G is a torsion-free virtually nilpotent group and N ⊴ G is a maximal finite index nilpotentnormal subgroup with quotientG/N = F , then Z(C∗G) = C∗(Z(N))F .
The next lemma was already stated and proven in [24, Corollary 2] for torsion-free finitely generated nilpo-tent groups. We need the more general version dropping the assumption of finite generation and henceprovide a different reference.
Lemma 3.1 ([20, Corollary 1.3]). LetG be a torsion-free nilpotent group. ThenG/Z(G) is torsion-free.
The next lemma describes the set of finite conjugacy classes of a torsion-free virtually nilpotent group. Itsconclusion resembles known results for torsion-free nilpotent groups [25].
Lemma 3.2. Let G be a torsion-free virtually nilpotent group with maximal normal finite index nilpotentsubgroupN ⊴ G. Then every finite conjugacy class ofG lies in Z(N). So the FC-centre ofG equals Z(N).
Proof. Let us start by showing that the FC-centre of G equals ZG(N). If g ∈ ZG(N), then g has a finiteconjugacy class in G, since N ≤ G has finite index. Vice versa, let g ∈ G have a finite conjugacy class andwe will show that g ∈ ZG(N). Then C = {ghg−1h−1 ∣ h ∈ N} is finite and we first show that C = {e}, orequivalently g ∈ ZG(N). Let {e} = Z0 ≤ Z(N) = Z1 ≤ Z2 ≤ ⋯ ≤ Zn = N be the upper central series of
N and assume that C ⊂ Zk+1 holds for some k ≥ 0. Since Zk+1/Zk ≤ N/Zk is central, we obtain for all
h1, h2 ∈ N that[gh1g−1h−11 ]Zk[gh2g−1h−12 ]Zk = [gh1g−1]Zk[gh2g−1h−12 ]Zk[h−11 ]Zk = [g(h1h2)g−1(h1h2)−1]Zk
showing that the image of C in N/Zk is a finite subgroup. Since N is torsion-free nilpotent, Lemma 3.1says that also N/Zk is torsion-free. This shows that the image of C in N/Zk is trivial and hence C ⊂ Zk.Because k ≥ 0 was arbitrary, we conclude that C = {e} or equivalently g ∈ ZG(N).We showed that ZG(N) is the FC-centre of G. Since every torsion-free FC-group is abelian by Propo-sition 2.5, it follows that ZG(N) is abelian. We denote H = ⟨ZG(N),N⟩ ≤ G and observe thatZ(H) = ZG(N), since ZG(N) is abelian. Because of the isomorphism H/Z(H) ≅ N/Z(N) we con-clude that H is nilpotent. Further, H is normal in G. Since N is a maximal normal finite index nilpotentsubgroup of G, it follows that H = N or equivalently ZG(N) = Z(N), showing that the FC-centre of Gequals Z(N).
We are now ready to prove the main theorem of this section.
Proof of Theorem C By Lemma 3.2 the FC-centre of G equals Z(N). So Proposition 2.6 applies to showthat Z(C∗(G)) = C∗(Z(N))G. Since the conjugation action of G on Z(N) factors through the finitegroup F , we obtain the identificationC∗(Z(N))G = C∗(Z(N))F . This finishes the proof of the theorem.
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4 Characterising group C*-algebras of nilpotent groups
In this section we will prove Theorem B, which is not only one of our main results, but will furthermoreallow us to systematically invoke the structure of nilpotent groups when proving C∗-superrigidity resultsin Section 5. Before proceeding to the proof of Theorem B, we prepare two lemmas providing importantingredients.
Lemma 4.1. LetG be a torsion-free finitely generated nilpotent group andH be a virtually nilpotent group.If C∗(G) ≅ C∗(H), thenH is torsion-free finitely generated and nilpotent.
Proof. We prove the lemma by induction on the nilpotency class of G. If the class of G is at most 1, then
G is abelian. Since torsion-free abelian groups are C∗-superrigid by [33, Theorem 1], the isomorphism
C∗(G) ≅ C∗(H) implies G ≅ H . In particular, H is torsion-free finitely generated and nilpotent. Let usassume thatG has class c and that the conclusion of the lemma is known for all groups of nilpotency classat most c− 1. Note that by Theorem 2.18, the groupH is torsion-free. LetN ⊴H be a maximal finite indexnilpotent normal subgroup. By Theorem C, we have the following identifications of the centre of C∗(G)and C∗(H).
Z(C∗G) = C∗(Z(G))Z(C∗H) = C∗(Z(N))H .
Since N ⊴ H has finite index, the action of H on Z(N) has finite orbits. Further, C∗(Z(N))H ≅
C∗(Z(G)) ≅ C(Tn) for some n ∈ N follows from the identification C∗(H) ≅ C∗(G). So Theorem 2.3applies to the action H ↷ Z(N) by conjugation and we obtain the isomorphism Z(N) ≅ Zn and knowthat H acts trivially on Z(N), implying that Z(N) ⊂ Z(H). So Z(H) ⊂ Z(N) follows from maximalityofN ⊴ H and in particular Z(C∗H) = C∗(Z(N)). Consider the fibre of C∗(G) ≅ C∗(H) over the trivialcharacter of Z(N), which by Theorem 2.16 on the one hand is isomorphic with C∗(H/Z(N)) and on theother is a twisted group C∗-algebra ofG/Z(G). Since C∗(H/Z(N)) admits a character, Proposition 2.17shows that C∗(G/Z(G)) ≅ C∗(H/Z(N)). The induction hypothesis applies to show that H/Z(N) istorsion-free finitely generated and nilpotent. SinceZ(N) ≅ Zn was already shown, we see thatH is a cen-tral extension of Zn by a torsion-free finitely generated nilpotent group. SoH itself is torsion-free finitelygenerated and nilpotent.
Lemma 4.2. Let G and H be two torsion-free nilpotent groups. If C∗(G) ≅ C∗(H), then G and H havethe same class and the subquotients of their upper central series are isomorphic.
Proof. We prove the lemma by induction on the nilpotency class of G. If G is of nilpotency class at most
1, thenG is abelian. Since torsion-free abelian groups are C∗-superrigid by [33, Theorem 1], it follows that
G ≅ H . Assume now that the lemma is proven for all groups of nilpotency class at most c − 1 and let Gbe of nilpotency class c. By Theorem C, we have C∗(Z(G)) = Z(C∗(G)) ≅ Z(C∗(H)) = C∗(Z(H)). Inparticular, Z(G) ≅ Z(H) by C∗-superrigidity of torsion-free abelian groups. The fibre of C∗(G) over thetrivial character ofZ(G) is isomorphic withC∗(G/Z(G)), by Theorem 2.16. The same theorem combinedwith Proposition 2.17 shows that this fibre is isomorphic with C∗(H/Z(H)). So the induction hypothesisapplies and shows thatG/Z(G) andH/Z(H) have the same nilpotency class c − 1 and the subquotientsof their upper central series agree. It follows that G andH have nilpotency class c. Moreover, we alreadyshowed that Z(G) ≅ Z(H) completing the proof that the subquotients of the upper central series of GandH are isomorphic.
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Let us now proceed to the proof of this section’s main theorem.
Proof of Theorem B We prove this theorem by induction on the nilpotency class c ofG. If c = 0, thenG istrivial and the conclusion of the theorem is obvious. If c = 1, thenG is a torsion-free abelian group and theconclusion follows from C∗-superrigidity of such groups. Let us now assume that the theorem is provenfor groups of nilpotency class at most c − 1 and we will show it for G of nilpotency class c. We first collectproperties of C∗(G) used in the subsequent arguments.
• C∗(G) is amenable sinceG is amenable.
• It admits no non-trivial projections, by Theorem 2.18.
• Its centre is isomorphic with C(Tn) for some n ∈ N, by Theorem C.
• Its primitive ideal space is T1, by Theorem 2.20.
From the isomorphism C∗red(H) ≅ C∗(G) we conclude that H is amenable. Further by Theorem 2.18, His torsion-free. We next show that H is finitely generated. Applying Proposition 2.6, we find that there isa normal abelian subgroup A ≤ H on which H acts with finite orbits such that Z(C∗(H)) = C∗(A)H .Combined with the isomorphism Z(C∗(H)) ≅ Z(C∗G) ≅ C(Tn) for some n ∈ N, Theorem 2.3 applies toshow that H acts trivially on A. It follows that Z(H) = A and Z(C∗(H)) = C∗(A). Note that the fibreof C∗(H) at the trivial character ofA is C∗(H/A). So C∗(H/A) is isomorphic with some fibre of C∗(G).By Theorems C and 2.16, it follows that C∗(H/A) is isomorphic with a twisted group C∗-algebra of thequotient G/Z(G). Now Proposition 2.17 implies that the twist is trivial and C∗(H/A) ≅ C∗(G/Z(G)).So the induction hypothesis applies to show thatH/A is a torsion-free finitely generated nilpotent group.Because A andH/A are finitely generated, H is also finitely generated. SinceH is finitely generated andhas a T1 primitive ideal space, Theorem 2.20 says thatH is virtually nilpotent. Lemma 4.1 applies to showthatH is actually torsion-free finitely generated and nilpotent. Lemma 4.2 says that the class ofH and theclass ofG agree and that subquotients of their upper central series are isomorphic.
5 C*-superrigidity of 2-step nilpotent groups
In this section we prove Theorem A showing that all torsion-free finitely generated 2-step nilpotent groupsareC∗-superrigid. TheoremA is derived from the technical Theorem 5.1, whose notationwe now introduce.Let G be a torsion-free finitely generated 2-step nilpotent group with centre Z. Theorem C providesa natural isomorphism ϕˆZ ∶ Zˆ → Glimm(C∗G) induced by the Fourier transform. We denote the in-duced isomorphism of fundamental groups by ϕZ = pi1(ϕˆZ) ∶ Z → pi1(Glimm(C∗G)). Further, if
ε ∈ Glimm(C∗G) is an element such that the fibre C∗(G)ε admits a character, we obtain a natural iso-morphism C∗(G)ε ≅ C∗(G/Z) from Theorem 2.16 and Proposition 2.17. In particular, the natural map
G/Z → K1(C∗(G)ε) is an isomorphism onto its image, which equals im(U(C∗G) → K1(C∗G)ε). Wedenote this isomorphism by ϕab ∶ G/Z → im(U(C∗G)→ K1(C∗G)ε).Recall the notation and Elliott’s results on K-theory of noncommutative tori from Section 2.10. In par-ticular,for χ ∈ Glimm(C∗G) the isomorphism C∗(G)χ ≅ C∗(G/Z,χ ○ σ) from Theorem 2.16 provides anisomorphism in K-theory, so that Elliott’s work gives rise to an isomorphismK∗(C∗(G)ε)→ K∗(C∗(G)χ),whose restriction defines a unique map K0(C∗(G)ε) → K0(C∗(G)χ) → R/Z as described in Theorem2.22. We denote this map by τχ.We also make use of the cup-product in K-theory of the abelianC∗-algebraC∗(G)ε, for which we referto [1].
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Theorem 5.1. LetG be a torsion-free finitely generated 2-step nilpotent group. Let ε ∈ Glimm(C∗G) suchthat C∗(G)ε admits a character. Put
A = pi1(Glimm(C∗G)) ,
B = im(U(C∗G)→ K1(C∗G)ε) .
Choose some isomorphism A ≅ Zm inducing a bilinear form on A and define an A-valued skew-symmetricform ω ∈ Hom(B ∧B,A) by the formula⟨ω(b1 ∧ b2), a⟩ = pi1(fb1∧b2)(a) ∀a ∈ A
where
fb1∧b2 ∶ Glimm(C∗G)→ R/Z ∶ fb1∧b2(χ) = τχ(b1 ∪ b2) .
Then (A,B,ω) ∼ (Z(G),G/Z(G), ωG) in the sense of Corollary 2.11.
Proof. As in the introduction of this section, we will write Z = Z(G). We start by showing that
fb1∧b2 = evωG○(ϕ−1ab∧ϕ−1ab)(b1∧b2) ○ ϕˆ−1Z . (5.1)
Let b1, b2 ∈ B and write gi = ϕ−1ab(bi) ∈ G/Z for i ∈ {1,2}. Let χ ∈ Glimm(C∗G), consider ϕˆ−1Z (χ) ∈ Zˆ andnote that ϕˆ−1Z (χ) ○ ωG ∈ Hom(G/Z ∧G/Z,S1). So Theorem 2.24 applies and says that
τϕˆ−1Z (χ)○ωG([g1]K1 ∪ [g2]K1) = ϕˆ−1Z (χ) ○ ωG(g1 ∧ g2) .The left-hand side can be rewritten as
τϕˆ−1Z (χ)○ωG([g1]K1 ∪ [g2]K1) = τχ(b1 ∪ b2)
thanks to the identification C∗(G)χ ≅ C∗(G/Z,χ ○ ωG) from Theorem 2.16 and the definition of g1, g2.We obtain
fb1∧b2(χ) = ϕˆ−1Z (χ)(ωG ○ (ϕ−1ab ∧ ϕ−1ab)(b1 ∧ b2)) for all χ ∈ Glimm(C∗G) ,
which is equivalent to formula (5.1).We consider Z equipped with the bilinear form induced from ϕZ ∶ Z → A. Let h ∶ S1 → Glimm(C∗G)be a loop. Then⟨ω ○ (ϕab ∧ ϕab)(g1 ∧ g2), [h]⟩ = pi1(fb1∧b2)([h]) (definition of ω)= pi1(evωG(g1∧g2) ○ ϕˆ−1Z )([h]) (formula (5.1))= pi1(evωG(g1∧g2))([ϕˆ−1Z ○ h]) (elementary property of pi1)= ⟨ωG(g1 ∧ g2), [ϕˆ−1Z ○ h]⟩ (Proposition 2.12)= ⟨ωG(g1 ∧ g2), ϕ−1Z ([h])⟩ (definition of ϕZ )= ⟨ϕZ ○ ωG(g1 ∧ g2), [h]⟩ . (definition of the bilinear form on Z)
It follows that ω ○ (ϕab ∧ ϕab) = ϕZ ○ ωG. This finishes the proof of the theorem.
We are now ready to prove the main result of this article.
Proof of Theorem A Let G be a torsion-free finitely generated 2-step nilpotent group and H some groupsuch that C∗red(G) ≅ C∗red(H). Theorem B says that H is also a torsion-free finitely generated nilpotentgroup. Denote by (A,B,ω) the triple constructed fromC∗(G) bymeans of Theorem 5.1. Then (A,B,ω) isequivalent to (Z(G),G/Z(G), ωG) and to (Z(H),H/cZ(H), ωH) by Theorem 5.1 and the isomorphism
C∗(G) ≅ C∗(H). So Corollary 2.11 implies thatG ≅H , finishing the proof of the theorem.
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